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CHAPTER 08: PIECE-WISE LINEAR FINITE ELEMENT SPACE

GLOBAL COORDINATE SYSTEM

Let’s review piece-wise linear shape function. A sketch of the shape function is shown below.

X, — X
Z for x; <x<x,
A=1 N, (x) = = h
L O elsewhere
[ x-x
——AL for X, , <X<X,
() hA—l
2<A<n N, (x)= <2 Xuy—X
= for X, <X<X,,
h,
0 elsewhere
X —X
- for X, <X <X
A=n+1 N, (x) = = h,
0 elsewhere

You may have recognized that the above equation for N, (x)
only shows the slope. (The intercept at x, is omitted.) In fact, it

is ok because later we are only focusing on the stiffness matrix
which is calculated from the derivative of the slope of the shape
function (and thus, any constants will drop form the equation).

Here, “h” is a mesh size. That is, in general,

The subdomain on h, is called finite element space, or simply element.
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ELEMENT POINT OF VIEW

Copyright © 2014 Yoji Hosoe

So far we have been talking everything in global space (or global coordinate system). Now let’s introduce
Element Space (or element coordinate system). Element space is also called local coordinate system.

Each element domain is defined using &, and &,, and have value -1 and 1, respectively. The following

shows comparison of Global and Element spaces.

Global Space

ulx |

Element (Local) Space

Domain: [INEI [ 8.]= -1
Nodes: XarXat) et}
Degree of Freedom: {d,,d,,) {d,.d,}
Shape Functions: N, N, | NN, |

Interpolate Function:

{
U(X) =N, (X)dA + NA+1(X)dA+1

u(é) = Nl(&)dl +N, (Z':)dz

& is a Latin character for x.

The element local domain is always from -1 to +1.
This makes calculation much easier.

Conversion between global and element space is called mapping.

The interpolate function is what we called approximate solution.
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SHAPE FUNCTION IN ELEMENT SPACE

The shape function in terms of local coordinate system (in terms of &) can be shown as follows:

1 1
N ==—E+—
(8)= S8+
Or, the above two equations can be expressed in one equation as follows:

Na(g)=%(1+gag) BT 1, 2 s Eq.08-2
g, =-land &, =1

LOCAL AND GLOBAL LOCATION

The local location in terms of global variable (that is, F,(x)) can be expressed, using a constants ¢, and c,,
as,

i(x)=01+02 X

The constant ¢, and c, can be determined by

Solving for ¢, from Eq.08-3 and inserting it into Eq.08-4, we get
(_1_02 'XA)+Cz Xa =1
=C, '(XA+1 _XA):Z

2
=c, =

Xpa —Xa

Therefore, inserting this ¢, into Eq.08-3,

2 2X Xaq — X 2X Xpqg — X X, + X
'XA_]-: A _MAd A _ | A 4+ ZAd Al__2A A+l

Xpa —Xa Xpa —Xa Xpa —Xa Xpa —Xa Xpa —Xa Xpa —Xa
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Therefore, inserting ¢, and c,,

g(x)z—XA+XA*1+ 2

- X
Xpe1 — Xa Xps1 — X

= EJ(X) — 2X — Xpo = Xpn

Xpa —Xa

Here, since h, =x,,, — x, (EQ.08-1), we get

&(x): 2X =X = Xan
hA

If we solving Eq.08-5 for x, we can obtain global location in terms of local variable, that is, x(g).
= A& =2X=X, =Xy
Therefore,

h
x(&) = w .............................................................................................................. Eq.08-6

In local coordinate system, h, =Xx,,, — X, , the Eq.08-6 can be written as

X(E_,) _ (XA+1 —Xp )‘:2"' Xa T Xau

Further, using x, = x;, and x,,, = X5, we can express it as

(x§ —xf)§+xf + X5
2

)= x(e)- -l ge 2 ks

Remember, from Eq.08-2, we have
1
NJ(E)=50+E8)  a=12

Therefore, the above xe(é’;) can be shown as

e 1 e l e e e
X (&):E(l—é’;)xl +§(1+§)x2 = N, +N,x¢
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OTHER IMPORTANT EQUATIONS FOR FUTURE REFERENCES
Let’s find some other important relations for future purpose.
Taking the derivative of Eq.08-2 with respectto &,

In-2tpg)-2-EF

de| 2 2

Taking the derivative of Eq.08-6 with respectto &,

dxe— d (ha&+Xa + Xy h®E + x5 + X5 he
de = dg 2 dg 2 2

Taking the derivative of Eq.08-5 with respect to x,

iazi 2X = Xp = Xp
dx dx h,

In terms of element space £°,

dpe _d[2XoXxi-X3)_ 2
dx dx h® h®

Thus,

d.. (d_.)
&g _(d&xj ....................................................................................
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ASSEMBLING GLOBAL MATRIX FORMS

Let's review a global matrix form for the following general nodes and elements.

Element Number

A
r A
1 2 3 {( Ng|
[ @ @ @ 7) @ L ]
Xl X2 X3 X4 Xn Xn+1
\ J
Y

Nodal Coordinate

The force vectors and stiffness matrix in a global matrix form (Eq.05-10) has the following sizes.

{FA } = [KAB ]{dB}
o

nxl nxn

The global integral can be shown as a sum of local integral over the element domain. Therefore, stiffness
matrix and force vectors can be shown as,

K,.|l= 3 ke Size of local matrix and vector
Ko ]= > k]
= ke] =2x2
Ny fer=2x1
AR i
where [ke, |= IdixNa diXNbdx ........................................................................................... Eq.08-12
o
d,h fore=1
o= N, fax+ 0 fore=2,3, .., n,-1
a°

5,49 fore=n,
Q°f = [xf,xg] (The domain of the element)

The following figure depicts how in general the local components are assembled into global matrix.
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eth Column

\

(e+1)st Column

[K.qs]= j:ﬁ}= - -
peleenafenate )
X| X < ethRow —»4 X
x| x| <— (e+l)stRow —»]_X
\ v J
nxn 1xn
[k* ]=._k?. kz ;:f;}mfa
= k-E: k-E:.., f: J

CHANGE INTEGRAL FROM GLOBAL TO ELEMENTAL COORDINATE SYSTEM
Now, let’s review two general mathematical formulas.

First, the Change of Variable Formula, which we want to convert x (global coordinate) in terms of & (local
coordinate), is given in the following formula:

[t = [rlx()) - x(ehe

d
—x
dg By the way, in Change of Variable Formula, the
term d%x(é) is known as Jacobian Determinant.

We'll talk about this later.

Second, the Chain Rule is given in the following formula:

2 f(x(e) = Z(x(e)-Z x(e)

—X
ok, ox ot

By knowing the above two formulas, now let's convert the stiffness matrix from global coordinate system to
a local, element coordinate system.

We start from Eq.08-12 as
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ke, ]= I%Na %Nbdx (Eq.08-12)
a2

By using a change of variable formula, it becomes

+1

= [kib]= Jld_x Na(x(i))c%'\‘b(x(i))dia x(&)de Using change of variable formula,
JO dax= () gpxleke

0°

Then, by using chain rule,

N, (@) 9N, @) 4

N [kib]= ]_1 dz d)é d_gx(a)j& Using chain rule,
. dzx(a) d—&x(&) g g 4
e NK(B) = N 5o ()
=+id—&Na(é)[d%x(&)} %Nb(&){di (a)} < Hepe Therefore,
cancelled ou iN(X(EB))
| comeeledes D= e -
=+Jid—d&Na(a)d%Nb(a){d—d§x(a)} de dz

Now, recall the following equations from previous pages.

an, - Y (Eq.08-8)

de 2

d he

Ly o Eq.08-9.

d&_,x > (Eq )

Substituting these equations, then, the stiffness matrix equation becomes,

+1

e 1 +1_ i i -1 ~ +1(_ l)a .(_ l)b - 2 - +1(_ 1)a+b ~ (_ 1)a+b - (_ 1)a+b
s - 1d§Na(a)déNb(a){da x(&)} de= [T et = e = o
N
GG N
2 2 2
Therefore, each component of [kgb] is,
kfl _ (_ 1)1+1 _ i

h® h®
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. _11+2 l
K :( )

he he
. _12+l 1
=S
. _12+2 1
K2 = : h)e " he

Therefore, we can express [kgb] in a very simple form as follows:

ke, ]= hie{_ll ) } ............................................................................................................... Eq.08-13

EXAMPLE

Let's do an example problem of using local stiffness matrix and assembling into a global stiffness matrix.
We’'ll be using the same problem as we did in Chapter 07.

In Eq.07-1, we had the following problem,

—

2

d
WUHZO on Q:[O,]
- u@®=0

d
—&u(o)_o

—

And, we approximated at the following points.

XZO! 11 Ell
3 3

0.2

045
0.05 \
0l L L \

0 1/3 2/3 1

The global stiffness matrix was,
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Kas]= 4| (Ea07-4)

Now, let’s look at the element space.
The number of element is,

n, =3

el

Mesh size of each elements is all equal to % that is,

h®=h,=h, =h, =
Therefore, each local stiffness matrix is all equal to,

ki3 8 S ]

3

The global stiffness matrix is an assembly of these local stiffness matrixes as the following figure.

[H.AE ]=

This component is k; + k;

This component is k; + k3

Thus, we had the same global stiffness matrix as Eq.07-4; however, it was much easily obtained without
doing any integral calculations this time.
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